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The Examination consists of 4 questions with 8 sub questions (10 points for each sub question)

Question 1

a Evauate the following integrals:

1 R 00
. ! - L. et _gdt adt
i) [t @a—t9)P 1ot i dt i) | —————
) [ ) 17 ANy
b- Find Laplace transform for the following functions:
t 6 0<t<2
i) f(t) = tsin2tcosh3t+e™3t [ esinudu,ii) g(t)={ 3t 2<t<3 l+ sin?4tU(t-2)
u=0 9 t>3
Question 2
a Find inverse Laplace for the following functions:
Vo= 2+ 1 iyee=, L o+, S
$+6s+20  (s+9)%’ ?(s?+4) S*+6s+5
b) Expand in Fourier series the following functions:
nl2+X -nt<x<0 X 0<x<m
f(x) = ’ f(x)=1""
®) {n/Z—X, O<x<m ) {-(X—n), T<X<L2m
Question 3
" 1 O<a<l
a1) Solve theintegral equation I f(x)sin(ax)dx =<2 1<a<?2
0 0 2<a

i) Solve the following system of differential equations:

that fit the following data: (-1,2),

C(;)t(+5x +4y =10, x—%%-y:O, X(0)=2,Y(0)=-4
b-i) Find the constants of the following curve y(x) = 1 5
a+bx+cx

(3,4), (6,9) using least square method.

ii) Solve using Picard’s method up to 2 approximation the following differential equation:
vy =x3(y'+y),y(0) =1,y (0) =%, then find y(0.2) using Euler method, h = 0.1.
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Question 4

a-i) Find v(x,y), such that f(z) = u(x,y) + i v(x,y) is analytic, where u(x,y)= €(xcosy-ysiny). Express

f(z) intermsof z.

1) Find one of the roots of the interpolating Polynomial satisfy the following data (1,3) , (5,-7) ,
(-13,4) , (2,47) , (-6,15) using inverse Lagrange interpolation.

b- Evaluate the following integrals:

v2 .
i) jt Cn @2t dt, i) §—p COS(2) 4y wherecisthecirclelzl =
0 ¢z2-6z+5
i) je‘x2+4x'4 dx, iv) <'f>z (;5327 7z, clz2+1z+21=6

V) cJS(Zd%)z , using Cauchy’s residue theorem c: |z+1-il = 3.

Good Luck
With all best wishes to succeed
Dr. Khaled EI Naggar




Model answer
Answer of Question 1
14 1 1
a i) Put x = t, therefore dt = (1/q) x9 ~dx, thus [t -ttt = | x'”qxa(l—x)b‘léx(llq)'ldx
0 0

_ 1t ady b 1
qu (1-x)*dx = p(a.b)

(4 marks)
ii) Since L{ }— j%z—s—ds Ln (s+3) — Ln (s-2), therefore
0 eZt _e-3t -
[ dt=Ln(st3)-Ln (2l ¢ y=Ln(3/2) (3 marks)
0
iii) Puty-t therefore dt =(1/2) y 2dy thereforej awﬂ-
pt(@ +t2) 20 y¥4(@%+y)
314
a®¥ydy a
E(j) oy P WA/ ok (@ marks)
. . d, 2 4s el e
b-i) L{ tsin2t} = -— = , therefore L{tsin2tcosh3t} = L{ tsin2t
) L{ } ds(52+4) &+ a2 { 1= (=%
_ (s-3) N (s+3) 3 mark
(3+ 47 (s+37+a7 e
t
L{ | esnudu} =+ thereforeL{ e | eMsinudu} = L
u=0 sl(st2)°+1 u=0 (s+3)[(s+5)+1]
(2 marks)
6 0<t<2
iL{ ! 3t 2<t<3 '} =6[U(t) - Ut-2)] + 3U(t-2)- U(t-3)] + 9 U(t-3)
9 t>3
= B[U(t) — U(t-2)] +3(t-2+2) U(t-2)-3(t-3+3)U(t-3) + 9 U(t-3)
= 6U(t) + 3(t-2) U(t-2) — 3(t-3) U(t-3) = 6/s +(3/sY) (€2~ €
(3 marks)



L{sinf4tU(t-2)}= L { (¥5)(1-cos8t) U(t-2)} = L{ (¥5)(1-cos8(t-2+2)) U(t-2)}
= (%) L{U(t-2)}- (%) L{ [cos8(t-2)cos(16)- sin8(t-2)si n(16)] U(t-2)}

- (1 -25_ 1 S
= (Y2)e - (“2)[cos(16) @60 sin(1 )(SZ L 64)

-2S
] e (3 marks)

Answer of Question 2

N _ se*> 1 _ (s+3-3)e* 1
al) Since F(s) = + = +
) S £+6s+20  (s+9)°  (s+3)?+11  (s+9)°

(S + 3) 3 ]e_ZS + 1

= lerap+11 rap+n (5+9)°

, therefore

f(t) = e [cosv/11(t-2) - 3/+/11 siny11(t-2)] U(t-2)+(1/2) t* € (5 marks)

i) LY S 521 3 =(1/2) fosin2u du = (1/4)(1-cos2t), therefore

LY 2 32 )} (1/4) j (1-cos2u) du = (U4)[t-sin(2t)/2] (3 marks

3

) 3
[ (P
{sz+63+5

m} = (3/2) €*'sinh(2t) (2 marks)

b=l

b-i) The function is even, therefore I

3, :iz[(nﬂ)—x] dx=0,
an = 2 [ [(n/2)—x] cos(nx) dx = 2[[(/2) ~ X] (X sin(nx)) + ("L cos(nx) ) - = —2—(L-coshn)
N™ x 0 T n n? ]O n’n

_ ___ 4
Therefore a, =0 and a2n-1_W

, thusf(x) == Z cos(2n-1)x (5 marks)

1(2n 1)2



I1) The function is odd harmonic, therefore I

\ 4

=

2T 2, sin(2n-1)x —cos(2n-1)x .« 4
s = - [ xcos(an-Dc= 2 (S NENIN_CORAIX 4
0 T 2n-1 (2n-1) 0 n(2n-1)
2™ 2, ,—cos(2n-1)x —sin(2n-Dx . = 2
b, =— [ X sin(2n-Dx dx = —(x( S ) )—( ( 2) ) =—
To T 2n-1 (2n-1) °  (2n-))
Thusf(x) = § a,,; Cos(2n-1)x + f b, SIN(2n-1)x (5 marks)
n=1 n=1
Answer of Question 3
" 5 1 O<a<l
a i) Since Fsz\/gjf(x)sin(ax) dx = \/% 2 1<a <2 ,and Fourier integral is expressed by:
0 0 2< 0

f(x) = \EI K sin(ox) do = \/% i \E sin(ax) do + E 2\/% sin(ax) da | = T%X[lJr COSX - 2C0S2X]

I1) Take Laplace to the above equations such that: o
s X(8) - x(0) + 5X(s) + 3Y(s) =10/s, X(s) = [sY(9) - y(0)]- Y(s) =0, thus
(s+5)X(s) +3Y(s)=10/s+2 (1)
X(s) - (s+1)Y(s) =-3 (2
Multiply equation (1) by (st+1) and equation (2) by (3) and add, therefore
[S+65+8] X(s) = 10(s+1)/s + 2(s+1) + 12

_10(s+1) | 2s+14 _ 1 3 2 +2(S+3)+8
TUSXO)= gsraysr2) " 2rpsrs O s sd 52 (g2

Hence x(t) = (5/2)(1-3 €* +2e®)+ e (2cosht + 8sinht), but ((]JII)t( + 5% +4y =10, from which we get

y(t). (5 marks)



b-i) Let Y = 1)y = a+bx+cx?, so that the constants can be obtained using the following matrix

form:
N N N
N in ZXIZ C ZYi
=1 1=1 =1
N N N N
Yxi >xE Y x| b= Y xY,
i=1 =1 =1 =1
N N N N
dxt Y Y xta) | Y Xy,
=1 =1 1=1 =1

i
=1 =1

Given N= 3, ixi = 8, ix? = 46, , x3= 242, ixi“z 1378, iYi = 0.861, ixiYi = 0.92,
1=1 1=1 1=1 =1

N A
> x7Y,= 6.75, thus by Cramer rule we get a, b and ¢ such that: a = %, b= Kb , C= % :
=1
3 8 46 086 8 46 3 086 46
where A=|8 46 242|, A,= (092 46 242|, A =|8 092 242,
46 242 137 6.75 242 137 46 6.75 137
3 8 086
Ac=18 46 092 (5 marks)
46 242 6.7

i) Puty'=z, hencey =2z =x3(z+y) =f(X, Y, 2), such that X,-0, yo=1,y'(0) = 2, =%

According to the following two formulas, we can get the first two approximations

Yo =Yo+ [Zo0K , Zua =20+ [(x,Y,.2,) d= [ X3 (yy +2,) dX
X Xg Xo

Put n=0 to obtain y;, z; such that y; =y, + jzodx 1+ j— _1+§ and
21—20+If(xy )dx——+jx (y +z)dx——+jx 1+ )dx—l &S
o o0 2 8
Put n=1 to obtain Y, such that y, =y, + jz dx =1+ I(— —)dx 1+ %+% (3marks)

By using Euler method, states:



Y1 = Yot h Zo, h= 0.1 and ey = 2+ 0.1 X3 (Y, +2,)
y1= Yo+ hzo=1+0.1(1/2) = 1.05 and z; = g+ 0.1 X (Y, +2,)= %2
Yo=Yyt hz,= 1.05 +0.1(1/2) = 1.1= y(0.2)

Answer of Question 4
.y Ou _ . ou _ . :
al) P € (X cosy+cosy — Yy siny) and v e(-x siny - Siny — ycosy)

Since the function is analytic, therefore Cauchy-Riemann equation is satisfied, hence

ou _ov
ox = oy = € (X cosy+cosy — Y siny)
Integrate the above equation with respect to y, keeping x constant, then

v=¢€(xsiny +ycosy) + ¢(x), where ¢(x) isan arbitrary real function of x.

ov_ odu

But = = , therefore €(x siny+siny + ycosy) + ¢'(x) = €(x siny+siny + ycosy), thus

OX 8y

(2 marks)

¢'(x)=0and ¢(x) = c, cisaconstant which we can neglect, thereforev = €(x siny + ycosy). If

weput x =zandy =0, thus f(z) =z €".
1) From Inverse Lagrange formula, we get

x = YEDY=y=4N(y-15) gy, Y=Iy=Ay-47)y-15)
(B3+7)(3-4)(3-47)(3-15) 7 (-7-3)(-7-4)(-7-47)(-7-15)

+ =90+ Ny=4N(y-15) 15, =3)y+N-4y-15
(4-3)(4+7)(4-47)(4-15) (47-3)(47+7)(47-4)(47-15) 7"

4 =390+ Dly—-AHy-47) g
(15-3)(15+7)(15- 4)(15-47)

Put y = 0, so that we get one of the roots.

vz 0
b- i) Put Ln(2t) = -y, thus dt = - (€”/2) dy, therefore j ¢ In (1/2t) dt= —%n j e™ dy
0 0

Put my = x hence]ftm_lln(1/2t)dt- T mydy—_ofi d_:
’ 0 0 mom m

(5 marks)

(5 marks)



i) Since z = 5 is outside contour and z = 1 inside contour, therefore:

cos(2) cos(2)/(z-5) cosl
e dz = = dz = 2ni
¢z2—6z+5 (c]i z-1 %)

m)je HrAx-A gy = je(x 22dx , Puty = (x-2)2= dy = 2(x-2) dx L= W

2.y
o0
Ie(x 2% dx = Iy”zeydy —%
2
iv) 452 +5Z+7 = —2ni (i) = 4nd

By Dr. Khaled EL Naggar
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